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Abstract 

In this paper, we show that the regularity of the q-th symbolic power and the 
regularity of the q-th bracket power Jwl of a monomial ideal of Borel type I, satisfy 
the relations reg(Jw) < greg(J), respectively reg(I^) > qieg(I). Also, we give an 
upper bound for veg(I^). 
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Introduction 

Let K be an infinite field, and let S = K[x±, . . . , x n ], n > 2 the polynomial ring over K. 
Bayer and Stillman [1J note that Borel fixed ideals I G S satisfy the following property: 

(*) (/ : xf) = (/ : ( Xl , . . . , x 3 D for allj = l,..., n. 

Herzog, Popescu and Vladoiu [7] define a monomial ideal I to be of Borel type if it satisfies 
(*). We mention that this concept appears in [3j Definition 1.3] as the so called weakly 
stable ideal. Also, this concept appears in [2j Definition 3.1], as the so called monomial 
ideal of nested type. We further studied this class of monomial ideals in p0| and [5] . 

In the first section, we recall some results regarding ideals of Borel type. Also, we 
discuss the relation between the sequential chain of an ideal of Borel type /, defined in 
[7j, and the primary decomposition of /. In the second section, we prove that if / is an 
ideal of Borel type, then /w and 1^ are also ideals of Borel type, where is the q- 
th symbolic power of / and 1^ is the q-th bracket power of /. In [5], we proved that 
reg(/ 9 ) < greg(J). We give a similar result for the q-th symbolic power. More precisely, we 
prove that reg(J^) < greg(J), see Theorem 2.3. Also, we prove that reg(I^) > greg(J), 
see Theorem 2.5. In Proposition 2.10, we prove that reg(/ [9] ) < qreg(I) + (q — l)(n — 1). 

1 Some basic facts on Borel type ideals. 

Firstly, we recall the following equivalent characterizations of ideals of Borel type given in 
[7] and in [2]. 

Proposition 1.1. Let I C S be a monomial ideal. The following conditions are equivalent: 

(a) I is an ideal of Borel type. 

(b) For any 1 < j < i < n, we have (I : x°°) C (/ : 

(c) Each P G Ass(S/I) has the form P = (x±, . . . ,x m ) for some 1 < m < n. 



Let / C S be a monomial ideal of Borel type. Since each prime ideal P G Ass(S/I) is 
of the form P = (x\, . . . , x m ) for some 1 < m < n, we can assume that / has a irredundant 
primary decomposition: 

r 

i" = P|<2»; such that Pi := \J~Qi = (xi, ... ^Xn^), n > n > rii > • • • > n r _i > 1. (1) 
i=i 

For each < z < r — 1, we define Jj := f]j=i+i Qr We claim that I i+ i = (ij : for 
all < i < r — 1. Indeed, since is P i+ i-primary, it follows that there exists a positive 
integer k such that x k n . G Q i+1 . So (I; : x~) D ((Q i+1 • J i+1 ) : z£) 3 (x^. • J i+1 : x~) = J m . 
For the converse inclusion, note that (ij : C (Qi+i : : = S(~)Ii+i = h+i. 

Thus, the chain of ideals / = Iq C I\ C • • • C I r _i C J r := 5* is the sequential chain of 
J, as it was defined in [7]. Note that rij = max{j : for some u G where we 

denoted by G(Ii) the set of minimal monomial generators of Ij. 

Let Ji be the monomial ideal generated by G(Ij) in Si := . . . ,x ni ], < i < r. 

Then, the saturation Jf at = (Ji : m°°) is generated by the elements of G(Ii+i), where 
mi = (xi, . . . , x ni )Si. It follows that = (J/°V^)[^ni+i> • • • , x n]- 

It would be appropriate to recall the definition of the Castelnuovo-Mumford regularity. 
We refer the reader to [B] for further details on the subject. 

Definition 1.2. Let K be an infinite field, and let S = K[x\, . . . , x n ], n > 2 the polynomial 
ring over K . Let M be a finitely generated graded S -module. The Castelnuovo-Mumford 
regularity reg(M) of M is 

max{j-z: /%(M) ^ 0}, 

where (3ij(M) = dimx{Tori(K, M))j denotes the ij-th graded Betti number of M. 

If M is an artinian graded S- module, we denote s(M) = max{t : M t ^ 0}. Herzog, 
Popescu and Vladoiu proved the following formula for the regularity of a monomial ideal 
of Borel type: 

Proposition 1.3. J7|, Corollary 2.7] If I is a Borel type ideal, with the notations above, 
we have 

reg(J) = max{s( J° at / J ), . . . , s(J^J J r -i)} + 1. 

Remark 1.4. Let I C S be a monomial ideal of Borel type with the irredundant primary 
decomposition (1), / = f] r i=1 Qi- Let q be a positive integer. We have 

i q =(C)Qi) q = n iW i) > 

i=l aeN r , \a\=q i=l 

where a = (a(l), . . . , a(r)) and \a\ := a(l) H — ■ + a(r). We fix a vector a eW with \a\ = q. 
We have 



where m{d) = min{i : a(i) > 0}. It follows that Ass(S/I q ) C Ass(S/I). In particular, we 
got another proof of the fact that I q is an ideal of Borel type, than the one which we given 
in J2J/. Moreover, I q has a primary decomposition: 

i q = Q\n Q 2 (Qi n Qs)"- 1 n ■ ■ • n Q r (Qi n • • • n Q r ) q . 

Example 1.5. We consider the ideal Q = (x" 1 , . . . , x^™) C S , where m < n is a positive 
integer and a\ > 02 > ■ • • > a m > 1 are integers. According to Proposition 1.3, reg(Q) = 
s(S/Q) + 1, where S = K[xi, . . . , x m ] and Q = SClQ. Since u = a;" 1-1 ■ ■ • G S is the 

monomial of the highest degree which is not contain in Q, it follows that 

m 

reg(Q) = /fai - 1) + 1 = ai H h a m - m + 1. 

i=l 

We consider the ideal Q q = {xf \ . . . , x q ^ m , x { ?~ l)ai x a 2 \ . . .). Note that Q q n S = Q s and 
therefore reg(Q q ) = s(S/Q q ) + 1. One can easily see that u = xf 1-1 ^ 2-1 • • ■ ^ m_1 is the 
monomial of the highest degree which is not contain in Q q . Thus: 

rn 

reg(Q q ) — qai — 1 + V^(ai - 1) + 1 = gai + a 2 H \-a m — m+l. 

i=2 

Note thatreg(Q q ) < qreg(Q), as we already know from Corollary 1.8], and the equality 
holds if and only if a 2 = ■ ■ ■ = a m = 1 . 



2 Regularity of symbolic and bracket powers of Borel 
type ideals 

Now, assume / C S is an arbitrary monomial ideal with the primary irredundant decom- 
position / = ni=i Qi- Let q be a positive integer. The q-th symbolic power of I is, by 
definition, the ideal 

i [q) :=he 

1=1 

With this notation, we have the following lemma. 

Lemma 2.1. If I C S is an ideal of Borel type and q is a positive integer, then Ass(S/I^) C 
Ass(S/I). In particular, l( q > is an ideal of Borel type. 

Proof. Assume I = f] r i=1 Qi is the irredundant primary decomposition of / given in (1). It 
follows that 1^ := f|[ = i Ql This primary decomposition of 1^ is not necessarily irredun- 
dant. However, since yQf = VQi, it follows that Ass(S/I^) C Ass(S/I). Therefore, by 
Proposition 1.1(c), 1^ is an ideal of Borel type. □ 
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Example 2.2. We consider the following ideals, Q = (x w , x 6 y 3 , x 2 y 7 , y 8 ) C S :— K[x, y, z\, 
Q> = Q + ( X Y) C S, and I := (Q,z 2 ) D Q' = {Q,x A y & z 2 ) C S. Since Q C Q', 
it follows that (Q,z 2 ) (1 Q' is the primary irredundant decomposition of I. Therefore, 
Ass(S/I) = {(x,y), (x,y,z)}. On the other hand, by straightforward computation, we get: 

Q' 2 = Q 2 = (^^xV^V^V^V ,^ 14 ,^ 15 ,?/ 16 ). 

It follows that J( 2 ) = Q' 2 n {Q,z 2 ) 2 = Q 2 n {Q 2 + z 2 Q + (z 4 )) = Q 2 and therefore 
Ass(S/I^) = {(x,y)}. One can easily check that s(K[x, y]/(Q H K[x, y}) 2 ) = 21 and 
thus reg(I^) = 22, according to Proposition 1.3. 

Also, s(K[x,y]/(Q'nK[x,y} 2 )) = 11 and s((Q, z 2 x A y % )/Q') = 12. Therefore, by Propo- 
sition 1.3, we get reg(J) = 13. 

Let / C S be a Borel type ideal with the primary decomposition / := Pli=i Qi from (1). 
We consider the sequential chain I — I C h C • • • C I r — S of /, where li := rij=i+i Qj- 
We have the following chain of ideals 

/W = /^c/ 1 (9) c---/^ = 1 S, 

where l\ q ^ = f] r j=i+1 Q Q j. In the chain above, we may have some equalities. Nevertheless, if 
we denote Ji be the monomial ideal generated by G(Ii) in Si := K[x±, . . . , x ni ], we have 

/ffi///^((4 9) r74 9) )K + i,...,x n ]. 

Also, the sequential chain of l\ q ^ is obtain from the previous chain of ideal, by removing 
those ideals U with Li = Thus, by Proposition 1.3, 

reg(/ (9) ) = m&x{s((J?) sat /J?), < i < r - 1} + 1. (2) 

Now, we are able to prove the following Theorem. 

Theorem 2.3. With the above notations, we have: 

reg(I^) < q ■ reg(7). 

Proof. We fix < % < r — 1. Since U := f]j=i+i Qji fr follows that J« = Dj=i+i 0j> where 
Qj is the ideal generated by G(Qj) in S'j. On the other hand, since J? at is generated by the 
elements of G(I i+ i), it follows that Jf a * = [Tj=i+2Qj- Note that 

s(Jf *M) + 1 = min{j : m^Jf* C J,} 

and therefore s{Jf at / Ji) + 1 = min{j : C Qi+i for all k — i + 2, . . . , r }. 

Analogously, since := {^[- =i+l Q q , it follows that 

s((4 q) ) sat /4 9) ) + 1 = min{j : m^ C Q? +1 /or a// fc = i + 2, . . . , r }. 
Note that if mjQ fc C then mfQ£ = (m]Q fe ) 9 C Therefore, we get 

S ((jW)^/^)) + l<g.( a (J«*/J.) + l). 

By applying Proposition 1.3 to / and (2) we get the required conclusion. □ 
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Let I C S be a monomial ideal of Borel type. An interesting question is to find a 
relation between reg(/ 9 ) and reg(J^). 

Let I C S be a monomial ideal and let q be a nonnegative integer. We define the q-th 
bracket power of I, to be the ideal I^ q \ generated by all monomials u q , where u G I is a 
monomial. In particular, = 5 and /M = /. Note that if G(I) = {u±, . . . ,u m } is the set 
of minimal monomial generators of I, then G(I^) = {u\, . . . , vfl m }. Note that /M C J 9 for 
all q. In fact, when q > 2, the equality holds if and only if / is principal. Also, one can 
easily see that (/ H J)' 9 ' = 1^ fl for any monomial ideals I, J C S. 

Now, assume I = f] r i=1 Qi is the irredundant primary decomposition of /. We claim 
that = n[=i 1S fhe irredundant primary decomposition of I^ q \ where q is a positive 
integer. In order to prove this, we fix an integer % with 1 < i < r and we chose a monomial 
u <E Qi\ Oj^iQi- Obviously, u q G We claim that u q ^ Clj&Qi- Assume this is not 
the case. It follows that u q = u^Wj for some monomials Uj G Qj and Wj G S, for all j ^ i. 
Therefore, Uj\u for all j ^ i. It follows that u G Oj^Qi, a contradiction. 

As a consequence, we get the following Lemma. 

Lemma 2.4. If I G S be a monomial ideal and q a positive integer, then Ass(S/I) = 
Ass(S/I^). In particular, if I is of Borel type, then 1^ is of Borel type. 

Now, we are able to prove the following Theorem. 

Theorem 2.5. Let I C S be a monomial ideal of Borel type. Then: 

reg(7 M ) > q -reg(J). 

Proof. We consider the primary irredundant decomposition f] r i=1 Qi of / from (1) and the 
sequential chain I — I C I± C • • • C I r :— S of /, where Jj = f] r j=i+1 Qj, for < % < r — 1. 

Note that the sequential chain of /M, is J@ = j£ ] C if 1 C • • • C 4 ?] = 5. Indeed, all the 
inclusions are stricts. 

We fix an integer < % < r — 1. Let Jj be the monomial ideal generated by G(Ii) in 
Si := K[xi, . . . ,x ni \. We denote Qj, the ideal generated by G(Qj) in Si, for all 1 < j < r. 
With these notations, we have J« = fXj =i+1 Qj and jj 9 ' = (Yj=i+i Q\ 9 '• O n ^ ne other hand, 
since J/ a * is generated by the elements of G(I i+ i), it follows that Jf at = C\j =i+2 Qj- 

Let u G J/ a * \ Ji be a nonzero monomial. We claim that xf _1 w 9 G (j]^) sa * \ jj 9 '. It is 
clear that x?~V G (J [ ^) sat . If we assume that x?~V e J?, ^ follows that :r?~V = v q -w, 
where i> G Jj is a monomial and to G S is a monomial. Since f 9 |x 9_1 -u 9 , it follows that v\u 
and therefore u G Ji, a contradiction. 

As a consequence, we get s(( jj 9 ') sa */ jj 9 ') > q-s(J^ at / Ji) + q — 1. By applying Proposition 
1.3, we get the required conclusion. □ 

Remark 2.6. T/ie conclusions of Theorem 2.3 and Theorem 2.5 /ioW /or monomial ideals 
I C S with Ass(S/I) totally ordered by inclusion. Indeed, if I is such an ideal, we can 
define a ring isomorphism ip : S — )■ S given by a reordering of variables, such that ip(I) is 
an ideal of Borel type. Since the Castelnuovo-Mumford regularity is an invariant, it follows 
that reg(I) = reg(ip(I)). 
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Bermejo and Giemenez give in [2] a formula for the regularity of a Borel type ideal J, 
when the irredundant irreducible decomposition is known. More precisely, they proved the 
following Proposition. 

Proposition 2.7. FJJ Corollary 3.17] Let I C S be a monomial ideal of Borel type. Assume 
I = f)™ =1 Ci is the irredundant irreducible decomposition of I . Then: 

reg(J) = m&x{reg(Ci) : i = 1, . . . , m}. 

Since Cj's are irreducible monomial ideals, they are generated by powers of variables. 
Since y/C~i G Ass(S/I) and / is of Borel type, we may assume that Cj = (x^ 1 , . . . ,x r p), 
where r^ is an integer with 1 < < n and are some positive integers. Denote Si : = 
K\ .]. If we denote C{ the ideal generated by G(Ci) in Si, then, by Proposition 

1.3, as in Example 1.5, we have reg(Cj) = s(Si/Ci) + 1 — an H h ai n — + 1. Therefore, 

we get the following corollary. 

Corollary 2.8. With the notations above, 

reg(7) = max{aa H V a ir% —n + 1: % = 1, . . . , m}. 

Let q be a positive integer and consider the ideal I™. Since / = D^Li it follows 

that JM = f)Zi C l q] and C l q] = (xT a ,...,x q rT ri ). Note that RZi ? is the irredundant 
irreducible decomposition of J' 9 '. Indeed, we can argue in the same way as we did for the 
irreducible primary decomposition of J^. Therefore, by Corollary 2.8, we get the following. 

Corollary 2.9. reg(I^) = m&x{qan + • • • + qai n — r $ + 1 : i = 1, . . . , m}. 

The above formula leads us to the following upper bound for reg(I^). 

Proposition 2.10. Let I C S be an ideal of Borel type and let q be a positive integer. 
Then: 

reg(J^) < greg(J) + (q — l)(n — 1) = agreg(J) — (n — 1), 



where a = 1 + 



n-l 
reg(I) ' 



Proof. With the above notations, we may assume reg(J) = an + ■ ■ ■ + a ir . — + 1 for some 
1 < i < m. According to Corollary 2.8 and Corollary 2.9, reg(J^) = qa,n + - ■ ■+qaa r —r i + l. 
Therefore, Teg(I^) = greg(J) + (q — l)(?"j — 1). Since — 1 < n — 1, we get the required 
inequality. The remaining equality is trivial. □ 

We conclude this paper, with the following example. 

Example 2.11. Let I = (x) R (x 2 ,y) = (x 2 ,xy) C S = K[x,y]. Let q be a positive integer. 
It follows that I q = (x 2q , x 2q - l y, . . . , x q y q ) = (x q ) n (x 2q , x 2q ~ l y, x q+1 y q ~\ y q ). 

Also, we obtain = (x 9 ) D (x 2 ,y) q = (x q ) n (x 2<? , x 2q ' 2 y, . . . , x 2 y q ~ 1 , y q ) = 

{x 2q , x 2q ~ 2 y, x 2q ~ 2 L i J y UJ , x q y L§J +1 ) . 

On £/te ot/jer /jand, = (x 9 ) n (x 2q ,y q ) = (x 2q ,x q y q ). 
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We consider the sequential chain of I , I —: I C I\ C I2 '■= S, where l\ = (x). We have 
J = I C S and J x = (x) C K[x\. Therefore, J 9 = I q , 4 q) = I® and 4 q] = /M. Also, 
J\ = = jM = ( x i) c K[x}. We get J° at = (x)S, (J q ) sat = (4 q) ) sat = (4 q] ) sat = (x^S 
and Jf at = (J q ) sat = (j[ q) ) sat = (Ji ] ) sat = K[x\. 

We have s{J( at / ' J x ) = and s(( Jf) sat / J?) = s(( j[ q) ) sat / j[ q) ) = s((J l fy sat / j[ q] ) =q-l. 

Also, one can easily compute s(J^ at /J ) = 1, s((J^) sat / J$) = 2q-l, s((J^ ) )* at /- 7 o ?) ) = 
2q — 1 and s((J^) sat / Jq^) = 3g — 2. By Proposition 1.3, it follows thatreg(I) = 2, reg(I q ) = 
reg(/W) = 2g and reg(jM) = 3g - 1. 

(Since / = (x)fl(x 2 , y) is also the irreducible irredundant decomposition of I , by Corollary 
2.8 and Corollary 2.9, we can compute directly reg(J) = max{l — 1 + 1,2 + 1 — 2 + 1} = 2 
and, respectively, reg(J^) = max{g — 1 + 1, 2q + q — 2 + 1} = 3g — 1. 

Aote i/ioi reg(J^) = greg(J) + (5 — 1)(2 — 1) and therefore, the upper bound given in 
Proposition 2 AO is the best possible. 
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